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Abstract
At zero-density, meson-nucleon vertex corrections to vacuum polarization are
studied in the σ-ω model with the cutoff. It is shown that the properties of
the vertex corrections to vacuum polarization are somewhat different from
those described by the ordinary renormalization procedures when the cutoff
is small ( < 5GeV). The low-energy effective Lagrangian is constructed in
the framework of the renormalization group method. The weak tensor and
derivative couplings of meson-nucleon interactions may be needed in the low-
energy effective theory of mesons and nucleons.
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1. Introduction
Nuclear matter has been studied in the framework of quantum hadrody-
namics (QHD) in the recent two decades. The meson mean-field theory for
nuclear matter [1] has made successful results to account for the saturation
properties at the normal nuclear density. Following to those successes, many
studies and modifications are done in the relativistic nuclear models. One
of those modifications is inclusion of vacuum fluctuation effects, which cause
divergences of physical quantities as they are naively calculated. Chin [2][3]
estimated the vacuum fluctuation effects in the Hartree approximation re-
moving the divergences by the renormalization procedures, and found that
the vacuum fluctuation effects make the incompressibility of nuclear matter
smaller and closer to the empirical value than in the original Walecka model.
However, it becomes more difficult to do the renormalization as the model
becomes more complicated, since the renormalization procedures need ana-
lytical studies to some extent. Numerical studies based on the cutoff field
theory may be useful.
Furthermore, the relation between QHD and the underlying fundamen-
tal theory, i.e., QCD, is the open question. One may wonder whether QHD
is valid in very high-energy scale or not. If QHD is valid only under some
energy scale, it is natural to introduce the cutoff or the form factor into
the theory. One may introduce the cutoff [4] or the form factor [5] to avoid
the instability of the meson propagators in the random phase approximation
(RPA) [6]. Cohen [7] introduced the four dimensional cutoff into the rela-
tivistic Hartree calculation and found that the vacuum energy contribution
is somewhat different from the one in the renormalization procedures, if the
cutoff is not so large.
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In the recent paper [8], we have studied the nuclear matter properties in
details using the cutoff field theory of Cohen and show that the properties of
nuclear matter may be somewhat different from those described in the ordi-
nary renormalization procedures. In the same paper, the cutoff field theory
of the nuclear matter is reformulated in the framework of the renormaliza-
tion group methods [9][10][11] and the fifth and sixth order terms of σ-meson
self-interactions in the effective Lagrangian are shown to be important in the
cutoff field theory. Using the effective Lagrangian, the compressional prop-
erties of the nuclear matter are studied in detail [12]. We have also studied
the meson masses at finite baryon density in the framework of the cutoff field
theory and renormalization group methods [13].
In this paper, we studies the meson-nucleon vertex corrections at zero-
density in the framework of the cutoff field theory. The results are reformu-
lated in the framework of the renormalization group methods, and the roles
of the tensor coupling and the derivative couplings in the effective Lagrangian
are studied. This paper is organized as follows. In section 2, the vertex cor-
rections in the cutoff field theory are formulated and the numerical results
are shown comparing them with the results which are obtained by the ordi-
nary renormalization procedures. In section 3, the vertex corrections in the
cutoff field theory are reformulated in the framework of the renormalization
group methods. The tensor coupling and the derivative couplings are derived
in the low-energy effective Lagrangian. The role of the new interactions and
the convergence of the expansion of the effective Lagrangian are discussed
there. The section 4 is devoted to the summary and discussions.
2. Vertex Corrections in the Cut-off Field Theory
We start with the following Lagrangian of σ-ω model together with a
3
regulator that truncates the theory’s state space at some large Λ.
L = ψ¯(iγµ∂
µ −M + gsφ− gvγµV µ)ψ
+
1
2
∂µφ∂
µφ− 1
2
msφ
2 − 1
4
FµνF
µν +
1
2
m2vVµV
µ + δL, (1)
where ψ, φ, Vµ, M , ms, mv, gs, and gv are nucleon field, σ-meson field, ω-
meson field, nucleon mass, σ-meson mass, ω-meson mass, σ-nucleon coupling,
and ω-nucleon coupling, respectively. The term δL is needed to make M , ms,
mv, gs and gv be the physical values of the masses and the couplings. As far
as the vertex corrections are concerned, it is given by
δLvertex = (gs0 − gs)ψ¯φψ − (gv0 − gv)ψ¯γµV µψ
= −ζsgsψ¯φψ + ζvgvψ¯γµV µψ, (2)
where ζs and ζv are constant parameters which are determined phenomeno-
logically. The constants gs0 and gv0 are called ”bare” σ-nucleon and ω-nucleon
coupling, respectively. The terms such as δL are usually called ”counter
terms” in the ordinary renormalization procedures.
In fig. 1, some low order contributions of the meson-nucleon vertex cor-
rection denoted by V (pa, pb) are shown graphically. The correction Γ(pa, pb)
to the bare meson-nucleon vertex is given by
Vs(pa, pb) = (1− ζs)I + Γs(pa, pb) (3)
or
V µv (pa, pb) = (1− ζv)γµ + Γµv (pa, pb), (4)
respectively, where I is a 4× 4 unit matrix.
Fig. 1
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According to the Feynman rule, the lowest order contributions to Γs(pa, pb)
and Γµv (pa, pb) are given by [14][15]
Γs(pa, pb) = ig
2
s
∫ d4k
(2π)4
G0(pb − k)G0(pa − k)∆0(k)
+ig2v
∫
d4k
(2π)4
γνG0(pb − k)G0(pa − k)γλD0νλ(k) (5)
and
Γµv (pa, pb) = ig
2
s
∫
d4k
(2π)4
G0(pb − k)γµG0(pa − k)∆0(k)
+ig2v
∫
d4k
(2π)4
γνG0(pb − k)γµG0(pa − k)γλD0νλ(k), (6)
where G0(p), ∆0(p) andD0µν(p) are the free nucleon, the free σ-meson and the
free ω-meson propagators, respectively. At zero-density, these propagators
are given by
G0(p) =
p/+M
p2 −M2 + iǫ , (7)
∆0(p) =
1
p2 −m2s + iǫ
(8)
and
D0µν(p) = (− gµν +
pµpν
m2v
)
1
p2 −m2v + iǫ
. (9)
The contributions of eqs. (5) and (6) should dominate the vertex structure
at large distance, since the virtual intermediate state is the one with the
lowest mass [14]. In our pictures, the Lagrangian (1) is valid only at the
momentum region which is smaller than the cutoff Λ. So our main interest
is restricted on the small momentum region. Therefore, we use the eqs. (5)
and (6) as the first approximations for the vertex corrections.
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The integrals in eqs. (5) and (6) diverge as they are naively calculated.
To make the integrals finite, we introduce the Pauli-Villars regulators [16] as
follows [17].
Γs(pa, pb) = ig
2
s
∫ d4k
(2π)4
G0(pb − k)G0(pa − k){ 1
k2 −m2s
− 1
k2 − Λ2}
+ig2v
∫
d4k
(2π)4
γνG0(pb− k)G0(pa − k)γλ{−gνλ + kνkλ
m2v
}{ 1
k2 −m2v
− 1
k2 − Λ2}.
(10)
Γµv (pa, pb) = ig
2
s
∫
d4k
(2π)4
G0(pb − k)γµG0(pa − k){ 1
k2 −m2s
− 1
k2 − Λ2}.
+ig2v
∫
d4k
(2π)4
γνG0(pb−k)γµG0(pa−k)γλ{−gνλ+ kνkλ
m2v
}{ 1
k2 −m2v
− 1
k2 − Λ2}.
(11)
In eqs. (10) and (11), for simplicity, we have omitted the term iǫ in the
denominators of the propagators. By these regulators, the integrands in eqs.
(10) and (11) are suppressed in the region |k2| > Λ2 and the high momentum
part of the integrands hardly contributes to the integrals. In the ordinary
renormalization procedures, Λ is taken to be infinity after the renormalization
is performed. However, here we keep Λ finite, since we regard Λ as the cutoff
which is the limiting energy scale of the hadronic theory.
In general, the functions Γs(pa, pb) and Γ
µ
v (pa, pb) have very complicated
structures. Therefore, below we assume that the nucleons of the external
lines in fig. 1 are on-shell, i.e., p2a = p
2
b = M
2. Under this approximation,
to calculate Γs(pa, pb) and Γ
µ
v (pa, pb) is equivalent to calculate the one-loop
corrections to the amplitude for an real nucleon to scatter off an external
meson field. It should be remarked that the term which is proportional to kµkν
m2
v
in the ω-meson propagator is dropped by the baryon number conservation
[3][14].
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After some algebra and transforming the variables [17][18][14], we get
Γs(Q, µL) = fs(Q
2, µ2L)
= f1(Q
2, µ2s)− f1(Q2, µ2L) + fD1(µ2s, µ2L)
+f2(Q
2, µ2v)− f2(Q2, µ2L) + fD2(µ2v, µ2L), (12)
and
Γµv (Q
2, µ2L) = fv(Q
2, µ2L)γ
µ +
i
M
ft(Q
2, µ2L)σ
µνqν
= {f3(Q2, µ2s)− f3(Q2, µ2L) + fD3(µ2s, µ2L)
+f4(Q
2, µ2v)− f4(Q2, µ2L) + fD4(µ2v, µ2L)}γµ
+
i
M
{f5(Q2, µ2s)− f5(Q2, µ2L) + f6(Q2, µ2v)− f6(Q2, µ2L)}σµνqν , (13)
where q = pb − pa, Q2 = −q2/M2, µs = ms/M , µv = mv/M , µL = Λ/M and
σµν = i
2
[γµ, γν ], respectively. If Q2 6= 0, the functions fi(Q2, µ2s) (i = 1, 3, 5)
and fi(Q
2, µ2v) (i = 2, 4, 6) are given by
f1(Q
2, µ2s) =
g2s
16π2
∫
1
0
du[
4(1− u) + u2 + Q2u2
4
Ss(u)Q
log {Ss(u) +
Qu
2
Ss(u)− Qu2
}
−3u+ 3Ss(u)
Q
log (
Ss(u) +
Qu
2
Ss(u)− Qu2
)], (14)
f2(Q
2, µ2v) = −
g2v
16π2
∫
1
0
du[
2{2(1− u+ u2) +Q2(1− u+ u2
2
)}
Sv(u)Q
log (
Sv(u) +
Qu
2
Sv(u)− Qu2
)
−12u+ 12Sv(u)
Q
log {Sv(u) +
Qu
2
Sv(u)− Qu2
}], (15)
f3(Q
2, µ2s) = −
g2s
16π2
∫
1
0
du[
−(4− u2 − Q2u2
4
) + 2u(2− u)
Ss(u)Q
log (
Ss(u) +
Qu
2
Ss(u)− Qu2
)
−u+ Ss(u)
Q
log {Ss(u) +
Qu
2
Ss(u)− Qu2
}], (16)
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f4(Q
2, µ2v) = −
g2v
16π2
∫
1
0
du[
2{2(1− u)− u2 +Q2(1− u
2
)2}
Sv(u)Q
log {Sv(u) +
Qu
2
Sv(u)− Qu2
}
−2u+ 2Sv(u)
Q
log {Sv(u) +
Qu
2
Sv(u)− Qu2
}], (17)
f5(Q
2, µ2s) =
g2s
16π2
∫
1
0
du
u(2− u)
Ss(u)Q
log {Ss(u) +
Qu
2
Ss(u)− Qu2
} (18)
and
f6(Q
2, µ2v) =
g2v
16π2
∫
1
0
du
2u(1− u)
Sv(u)Q
log {Sv(u) +
Qu
2
Sv(u)− Qu2
}, (19)
where Ss(u) =
√
u2 + Q
2u2
4
+ µ2s(1− u), Sv(u) =
√
u2 + Q
2u2
4
+ µ2v(1− u). If
Q2 = 0, they are given by
f1(0, µ
2
s) =
g2s
16π2
∫
1
0
du
u{4(1− u) + u2}
u2 + µ2s(1− u)
, (20)
f2(0, µ
2
v) = −
g2v
16π2
∫
1
0
du
4u(1− u+ u2)
u2 + µ2v(1− u)
, (21)
f3(0, µ
2
s) =
g2s
16π2
∫
1
0
du
u{(4− u2)− 2u(2− u)}
u2 + µ2s(1− u)
, (22)
f4(0, µ
2
v) = −
g2v
16π2
∫
1
0
du
2u{2(1− u)− u2}
u2 + µ2v(1− u)
, (23)
f5(0, µ
2
s) =
g2s
16π2
∫
1
0
du
u2(2− u)
u2 + µ2s(1− u)
(24)
and
f6(0, µ
2
v) =
g2v
16π2
∫
1
0
du
2u2(1− u)
u2 + µ2v(1− u)
. (25)
The functions fDi(µ
2
s, µ
2
L) (i = 1, 3) and fDi(µ
2
v, µ
2
L) (i = 2, 4) are given by
fDi(µ
2
s, µ
2
L) =
big
2
s
16π2
∫
1
0
du log {u
2 + µ2L(1− u)
u2 + µ2s(1− u)
}u (i = 1, 3), (26)
and
fDi(µ
2
v, µ
2
L) =
big
2
v
16π2
∫
1
0
du log {u
2 + µ2L(1− u)
u2 + µ2v(1− u)
}u (i = 2, 4), (27)
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where b1 = −2, b2 = 8, b3 = 1 and b4 = 2. The functions fi(Q2, µ2L)(i =
1 ∼ 6) are gotten if µs or µv in (14)∼(25) are replaced by µL. It should
be remarked that Q2 = −q2/M2 ≥ 0 when pa and pb are on-shell. We also
remark that the functions fi are the even functions of Q. The functions
(14)∼(19) depend on the momenta pa and pb only through Q2.
The constant ζs and ζv are determined by the following physical conditions
Vs(pa, pb) = (1− ζs)I + Γs(pa, pb) = I (at q = 0, p2a = p2b =M2) (28)
and
V µv (pa, pb) = (1− ζv)γµ+Γµv (pa, pb) = γµ (at q = 0, p2a = p2b =M2). (29)
Since the tensor part in eq. (13) disappears at q = 0, the conditions above
are rewritten in the following forms
ζs = fs(0, µ
2
L) and ζv = fv(0, µ
2
L). (30)
Therefore, we get
Vs(pa, pb) = Fs(Q
2, µ2L)I (at p
2
a = p
2
b =M
2) (31)
and
V µv (pa, pb) = Fv(Q
2, µ2L)γ
µ+
i
2M
Ft(Q
2, µ2L)σ
µνqν (at p
2
a = p
2
b =M
2), (32)
where
Fs(Q
2, µ2L) = 1 + fs(Q
2, µ2L)− fs(0, µ2L), (33)
Fv(Q
2, µ2L) = 1 + fv(Q
2, µ2L)− fv(0, µ2L) (34)
and
Ft(Q
2, µ2L) = 2ft(Q
2, µ2L), (35)
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respectively. It should be remarked that fDi in fs and fv are canceled by
the subtractions at q = 0 in eqs. (33) and (34) since the functions fDi do
not have q dependences. Furthermore, fi(Q
2, µ2L)→ 0 if the limit Λ→∞ is
taken as in the ordinary renormalization procedures. Therefore, we get
Fs(Q
2,∞) = f1(Q2, µ2s) + f2(Q2, µ2v)− f1(0, µ2s)− f2(0, µ2v), (36)
Fv(Q
2,∞) = f3(Q2, µ2s) + f4(Q2, µ2v)− f3(0, µ2s)− f4(0, µ2v), (37)
and
Ft(Q
2,∞) = 2f5(Q2, µ2s) + 2f6(Q2, µ2v) (38)
in the limit Λ → ∞. Eqs. (36)∼(38) are consistent with the results which
are gotten by using the dimensional regularization [14][15].
Before showing the numerical results, we comment on the parameters
which we use. We put M =939MeV, ms =550MeV and mv =783MeV.
We use gs and gv which reproduce the binding energy a1=15.75MeV at the
normal density ρ0 =0.15fm
−3 in the relativistic Hartree calculation of σ-
ω model (i.e., gs = 8.81907 and gv = 10.0998). However, the qualitative
features of our results do not change if we use the other parameter sets.
In fig. 2, the Q-dependence of Fs, Fv and Ft are shown. In these cal-
culations, we put Λ = 1 or 2GeV as examples. The result in the ordinary
renormalization procedures (i.e., in the case of Λ =∞) is also shown. In all
cases, Fs and Fv decrease as Q increases. The decreases of them are large
when Λ is large. Ft also slightly decreases as Q increases. However, the Q-
dependence of Ft is very weak. On the other hand, the value of Ft depends
strongly on Λ. It seems that Ft becomes large when Λ becomes large.
Figs. 2 (a), (b), (c)
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To see the Λ-dependence of the results in detail, in fig. 3 (dotted lines),
Fs, Fv and Ft at QM = 0.5GeV are shown as the functions of Λ. For
comparison, the value of each function in the limit Λ → ∞ is also denoted
by the solid line which is not the function of Λ. Fs and Fv become smaller
and get closer to the limiting value at Λ = ∞ as Λ becomes larger. On the
other hand, Ft becomes larger and gets closer to the limiting value at Λ =∞
as Λ becomes larger. In all cases, the values of the functions at Λ =20GeV
are almost the same as the ones in the limit Λ→∞. From these figures, we
see that the vertex corrections are somewhat different for small Λ(<5GeV)
from the ones for Λ =∞.
Figs. 3 (a), (b), (c)
3. Low-energy Effective Lagrangian
and the Tensor Coupling
In this section, we reformulate the cutoff field theory, which was described
in section 2, in the framework of the renormalization group method [9][10][11].
In the renormalization group method, it is required that the physical quan-
tities should not depend on a cutoff which is conveniently introduced in the
calculations. It should be remarked that, in this context, the ”cutoff” has
no physical meaning such as the limiting energy scale of the theory. On the
other hand, it is natural to consider that there is a finite upper limit to the
energy scale in QHD. Below, we call such a cutoff the true cutoff. Lepage
[11] proposed to construct the low energy effective Lagrangian if the cutoff
is not much larger than the energy scale in which we are interested.
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Below we construct the low energy effective Lagrangian of σ-ω model
according to Lepage’s pictures. Since we do not know the exact value of
the true cutoff Λ which is the limiting energy scale to the theory, the cutoff
Λ′ which we introduce into the theory is not the same as the true cutoff Λ.
Suppose that Λ′ is smaller than Λ. In this case, the vacuum polarization
effects are underestimated. The contributions in the region Λ2 > |k2| > Λ′2
of the momentum integrations are needlessly discarded.
We estimate the contributions which are discarded by using Λ′ instead
of Λ. In the cases of the one-loop corrections to the amplitude for an real
nucleon to scatter off an external meson field, i.e., in the cases of vertex
corrections described in section 2, they are given by
∆fs(Λ
2 > |k2| > Λ′2) = fs(Q2, µ2L)− fs(Q2, µ′2L)
= {fD1(µ2s, µ2L)− f1(Q2, µ2L) + fD2(µ2v, µ2L)− f2(Q2, µ2L)}
−{fD1(µ2s, µ′
2
L)− f1(Q2, µ′2L) + fD2(µ2v, µ′2L)− f2(Q2, µ′2L)}, (39)
∆fv(Λ
2 > |k2| > Λ′2) = fv(Q2, µ2L)− fv(Q2, µ′2L)
= {fD3(µ2s, µ2L)− f3(Q2, µ2L) + fD4(µ2v, µ2L)− f4(Q2, µ2L)}
−{fD3(µ2s, µ′2L)− f3(Q2, µ′2L) + fD4(µ2v, µ′2L)− f4(Q2, µ′2L)} (40)
and
∆ft(Λ
2 > |k2| > Λ′2) = ft(Q2, µ2L)− ft(Q2, µ′2L)
= −{f5(Q2, µ2L) + f6(Q2, µ2L)}+ {f5(Q2, µ′2L) + f6(Q2, µ′2L)}, (41)
where µ′L = Λ
′/M . It is easy to see that fi(Q
2, µ′2L), fDi(µ
2
s, µ
′2
L) and fDi(µ
2
v, µ
′2
L)
are also the functions of M2/Λ′2 and −q2/Λ′2. For an example, the original
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form of f4(Q
2, µ′2L) is
f4(Q
2, µ′2L) = −
g2v
8π2
∫
1
0
dx
∫
1−x
0
dy[
2(1− x− y)− (x+ y)2 +Q2(1− x)(1 − y)
(x+ y)2 + xyQ2 + µ′2L(1− x− y)
+ ln (
(x+ y)2 + xyQ2 + µ′2L(1− x− y)
(x+ y)2 + µ′2L(1− x− y)
)]. (42)
This equation can be transformed into
f4(Q
2, µ′2L) = −
g2v
8π2
∫
1
0
dx
∫
1−x
0
dy[
2(1− x− y)A− (x+ y)2A+B(1− x)(1− y)
(x+ y)2A+ xyB + (1− x− y)
+ ln (
(x+ y)2A+ xyB + (1− x− y)
(x+ y)2A+ (1− x− y) )]
≡ f˜4(A,B), (43)
where A = M2/Λ′2 and B = −q2/Λ′2 and we use the mark ”tilde” to denote
that the function with it is the function of A and B. In a similar way, the
function f6(Q
2, µ′2L) is also written in the form
f6(Q
2, µ′2L) =
g2v
8π2
∫
1
0
dx
∫
1−x
0
dy
A(1− x− y)(x+ y)
(x+ y)2A+ xyB + (1− x− y)
≡ f˜6(A,B), (44)
Furthermore, fi(Q
2, µ2L), fDi(µ
2
s, µ
2
L) and fDi(µ
2
v, µ
2
L) are the function of A,
B and E = Λ′/Λ. Therefore, ∆f is the function of A, B and E. We denote
them as ∆f˜(A,B;E). If |q2| and M are much smaller than Λ′2, we can
expand ∆f˜ in the powers of M2/Λ′2 and −q2/Λ′2 treating E as of order 1,
i.e.,
∆f˜s =
∞∑
l=0
∞∑
m=0
Cs,l,m(
M2
Λ′2
)l(
−q2
Λ′2
)m
≡
∞∑
n=0
1
n!
(
M2
Λ′2
∂
∂A
+
−q2
Λ′2
∂
∂B
)n∆f˜s(A,B;E)|A=0,B=0, (45)
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∆f˜v =
∞∑
l=0
∞∑
m=0
Cv,l,m(
M2
Λ′2
)l(
−q2
Λ′2
)m
≡
∞∑
n=0
1
n!
(
M2
Λ′2
∂
∂A
+
−q2
Λ′2
∂
∂B
)n∆f˜v(A,B;E)|A=0,B=0 (46)
and
∆f˜t =
∞∑
l=0
∞∑
m=0
Ct,l,m(
M2
Λ′2
)l(
−q2
Λ′2
)m
≡
∞∑
n=0
1
n!
(
M2
Λ′2
∂
∂A
+
−q2
Λ′2
∂
∂B
)n∆f˜t(A,B;E)|A=0,B=0. (47)
As is in the case of f4(Q
2, µ′2L) (see eq. (43)) and f6(Q
2, µ′2) (see eq. (44)),
fi(Q
2, µ′2L) ( fi(Q
2, µ2L) ) are of order 1/Λ
′2 (1/Λ2). In particular, the leading
terms of f5(Q
2, µ′2) and f6(Q
2, µ′2) are of orderM2/Λ′2 and the leading terms
do not have Q-dependence. Therefore, ∆ft is of order M
2/Λ′2, i.e., Ct,0,0 = 0
and Ct,0,1 = 0. On the other hand, fDi(µ
2
s, µ
′2
L) (fDi(µ
2
s, µ
2
L)) and fDi(µ
2
v, µ
′2
L)
(fDi(µ
2
v, µ
2
L)) have logarithmic behaviors of Λ
′ (Λ). Therefore, Cs,0,0 and
Cv,0,0 have the logarithmic behavior of E = Λ
′/Λ.
The contributions of ∆f˜ cannot be dropped, since the cutoff Λ′ are just
conveniently introduced and has no physical meaning. However such a contri-
bution can be reincorporated into the theory, by adding the new interaction
∆L to L. For an example, up to the order 1/Λ′2, ∆L is given as follows.
∆L = ψ¯gs(Cs,0,0 + Cs,1,0
M2
Λ′2
)φψ − ψ¯gv(Cv,0,0 + Cv,1,0M
2
Λ′2
)γµV
µψ
+
gvCt,1,0M
2Λ′2
ψ¯F µνσµνψ
+
gsCs,0,1
Λ′2
ψ¯∂µ∂
µφψ
−gvCv,0,1
Λ′2
ψ¯∂µF
µνγνψ (48)
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The first two terms of eq. (48) have logarithmic behaviors constant ×
log (Λ′/Λ) in the large Λ′ limit. However they can be absorbed in the re-
definitions of the counter term δLvertex, i.e.,
δL′vertex = −ψ¯gs(ζs−Cs,0,0−Cs,1,0
M2
Λ′2
)φψ+ ψ¯gv(ζ−Cv,0,0−Cv,1,0M
2
Λ′2
)γµV
µψ
≡ −ψ¯gsζ ′sφψ + ψ¯gvζ ′γµV µψ (49)
is the new counter term which is used with the cutoff Λ′. This change does not
affect the physical results, if, instead of ζs and ζv, ζ
′
s and ζ
′
v are determined
to make gs and gv be the physical observed values of the σ-nucleon and ω-
nucleon coupling respectively. The last three terms of eq. (48) are of order
(1/Λ′2) and essentially new terms. Adding ∆L to the original L, we can get
the results the errors of which is of order (1/Λ′)4, if we use the Λ′ instead of
Λ. If the higher accuracy is needed, the higher terms which correspond to
the higher terms in the expansions (45)∼(47) should be added to ∆L.
The discussions above is essentially the same as in the case of QED [11].
However, it should be remarked that, different from the QED case, the nu-
cleon mass M may not be much smaller than Λ′. Therefore, we formally
regard M as the same order of Λ′. The expansions in the powers of −q2/Λ′2
are essentially equivalent to the expansions in the powers of −q2/M2 = Q2,
when M is the same order of Λ′. In this respect, ∆fs, ∆fv and ∆ft are
reexpanded as follows.
∆fs =
∞∑
m=0
κs,m(Q
2)m =
∞∑
m=0
1
m!
∂m(∆fs)
∂(Q2)m
|Q2=0(Q2)m, (50)
∆fv =
∞∑
m=0
κv,m(Q
2)m =
∞∑
m=0
1
m!
∂m(∆fv)
∂(Q2)m
|Q2=0(Q2)m, (51)
and
∆ft =
∞∑
m=0
κt,m(Q
2)m =
∞∑
m=0
1
m!
∂m(∆ft)
∂(Q2)m
|Q2=0(Q2)m. (52)
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The factor 1
2
in the definition of the expansion of the tensor part makes one
to compare the zero-th order tensor coupling κt,0 directly with the one which
is defined usually. If we want the results the errors of which is of order 1/Λ′4,
we must add
∆L∗ = ψ¯gsκs,0φψ − ψ¯gvκv,0γµV µψ
+
gvκt,0
4M
ψ¯F µνσµνψ
+
gsκs,1
M2
ψ¯∂µ∂
µφψ
−gvκv,1
M2
ψ¯∂µF
µνγνψ (53)
to the original Lagrangian (1). The expression of ∆L∗ resembles ∆L, how-
ever, different from ∆L, the each term of ∆L∗ ( eq. (53)) has the contri-
butions of the all higher order of M2/Λ′2. The new coupling constants κt,0,
κs,1 and κv,1 depend on the values of Λ and Λ
′. In fig. 4, we show the
Λ′-dependence of these couplings in the case of Λ = 2GeV. The coupling
constants κs,0, κv,0 and κt,1 are also shown for comparison. The couplings
κs,0 and κv,0 correspond to the changes of the bare scalar and the bare vector
couplings in the Lagrangian when the value of the cutoff is changed. When
Λ′ = 1GeV, they are not small. However, they does not change the physical
results, if the bare couplings are chosen phenomenologically. The couplings
κs,1 and κv,1 are small. Furthermore, their contributions are suppressed by
the factor −q2/M2. The coupling κt,1 is very small. Its contribution is sup-
pressed by the factor (−q2)3/2/M3. On the other hand, κt,0 ∼ 0.4 in the case
of Λ′ = 1GeV. The weak tensor coupling may be needed if the difference
between Λ and Λ′ is order of GeV.
Figs. 4 (a),(b),(c)
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In figure 5, we show the contributions of these couplings in the case
of Λ = 2GeV and Λ′ = 1GeV. Although we are interested in the small
Q′(=
√
−q2/Λ′2 < 1) region, we show the result in the region Q′ = 0 ∼ 2 to
see the Q′-dependence of the efficiency of the approximation. In the cases of
Fs and Fv, the contributions which are discarded by changing the cutoff Λ to
Λ′ are well reincorporated in the small Q′(< 1) region by introducing the new
term (53). In these figures, we see that κs,1 and κv,1 are important to see the
momentum dependence of the vertex corrections even in the region Q′ < 1,
although they are small. In the case of Ft, the result with the correction
(53) seems to deviate somewhat from the true result (solid line). However,
it should be remarked that the contribution of Ft itself is suppressed by the
factor
√−q2/M . Therefore, the difference could be negligible in the small q
region. If the higher term with the coefficient κt,1 is taken into account, the
result hardly deviates from the true result (solid line) in the small Q′(< 1)
region.
As we have seen above, the new interaction in (53) is very important
when the difference between Λ and Λ′ is order of GeV. It is also shown that
the Q expansion have a good convergence even if Λ′ is not so larger than the
nucleon mass M . This situation is the same as the one in the relativistic
Hartree calculation of the energy density of the nuclear matter [8].
Figs. 5 (a), (b), (c)
4. Summary and Discussions
The results obtained in this paper are summarized as follows.
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(1) At zero density, we have studied the vertex corrections in the cutoff
field theory based on the σ-ω model. It is shown that the results depend
strongly on the value of the cutoff Λ. The scalar and vector vertex functions
decrease as Λ increases. On the other hand, the tensor vertex functions
increases as Λ increases.
(2) The results in the cutoff field theory was compared with the results
obtained by the ordinary renormalization procedures ( the case with Λ→∞)
. If Λ is large ( ∼20GeV ), the former results are the almost same as the
latter one. On the other hand, the results are somewhat different from those
in the ordinary renormalization procedures if Λ is small (<5GeV).
(3) The cutoff field theory is reformulated in the framework of the renor-
malization group methods by introducing the convenient cutoff Λ′ into the
theory. Instead of the naive expansion of 1/Λ′2, regarding that M is the
same order of Λ′, −q2/M2 expansion is adopted to construct the low-energy
effective Lagrangian in QHD. It is shown that the expansion has a good
convergence even if Λ′ is not so much larger than the nucleon mass M .
(4) The effects of the contributions which are needlessly discarded by the
using the smaller cutoff Λ′ instead of the true cutoff Λ are well reincorporated
into the theory with the new interactions up to the order 1/Λ′2.
(5) It seems that the tensor coupling and the derivative couplings are
needed to be added to the Lagrangian when the difference between the con-
venient cuf-off Λ′ and the true cutoff Λ is order of GeV.
In this paper, we have estimated the couplings of the low-energy effective
Lagrangian with the assumption of Λ and have studied the effects of the
new interaction terms. However, if we use the vertex functions in more
complicated models such as in the nuclear Schwinger-Dyson formalism [19],
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it may be more convenient to determine the couplings in the new interaction
∆L∗′ =
gvκt,0
4M
ψ¯F µνσµνψ
+
gsκs,1
M2
ψ¯∂µ∂
µφψ
−gvκv,1
M2
ψ¯∂µF
µνγνψ (54)
phenomenologically as well as the coefficients ζ ′s and ζ
′
v in the new coun-
terterm δL′vertex [11]. The main merits of this phenomenological method are
following.
(1) The effects of the corrections beyond the approximations we use are
also taken into account by the phenomenological fits as well as the effects
which are needlessly discarded by using the small cutoff Λ′ instead of the
true cutoff Λ.
(2) In this phenomenological fits, Λ′-dependence of the results is removed
by adding new interactions to the Lagrangian, order by order. Of course,
the dependence on the true cutoff Λ exists, since it has a physical meaning.
However, it appears only in the coefficients of δL′ and ∆L∗′ which are phe-
nomenologically determined. Therefore, the Λ-dependence does not appear
explicitly in the theory after those phenomenological fits are done. It should
be also remarked that, by the following reason, the results hardly depend
on the details of the regulator. The fundamental forms of the expansions
(54) does not change if we use the other type of regulator instead of the
Pauli-Villars regulator. It is determined just by the power counting of qµ/M ,
e.g., if we need the results errors of which are of order 1/Λ′4, we just need to
add the new interaction terms which correspond to the −q2/M2 terms in the
Q-expansions of the scalar and vector vertex corrections and add the new
interaction term which corresponds to qµ/M term in the Q-expansion of the
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tensor vertex correction, respectively. They are written in the same forms as
in eq. (54). In general, if we want the results the errors of which is of order
(1/Λ′2)n+1, we need to add the new terms which correspond to (−q2/M2)m
terms (m ≤ n, where n and m are integers ) in the Q-expansions of the
scalar and vector vertex corrections, and need to add the new terms which
correspond to (qµ/M)(−q2/M)m−1 terms (m ≤ n) in the Q-expansion of the
tensor vertex correction. The coupling constants of those terms depend on
the details of the regulator which we use. However, they are determined
phenomenologically. Therefore, the physical results does not depend on the
details of the regulator we use as well as on the value of Λ′, except for the
errors of order (−q2/Λ′2)n+1. This is a nice merit, since, in the naive cutoff
theory such as the one in the section 2, the results may depend on the details
of the regulator we use even if the value of Λ is determined phenomenologi-
cally.
(3) Phenomenological approach may be very useful in the actual numeri-
cal calculations, since we do not need to calculate the momentum dependence
of the physical quantities in the high momentum region (|q2| > Λ′2) in which
we are not interested.
It should be also remarked that the difference between ∆L and ∆L∗
makes no difference in the physical results, since all the coefficients of them
are determined phenomenologically.
Finally we add the following comment. Instead of starting at the original
Lagrangian L with the original cutoff Λ, we can also start at the Lagrangian
L′ = L+∆L (or L+∆L∗) with the cutoff Λ′, introducing the cutoff Λ′′ which
is smaller than Λ′, and get the effective Lagrangian L′′ at lower energy. The
resulting effective Lagrangian L′′ is almost the same as the one obtained di-
rectly from the original Lagrangian L in a similar way, except for the errors
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of order 1/Λ′4. This mean that, in the cutoff field theory, the Lagrangian
with the tensor and derivative couplings such as in ∆L or ∆L∗ has no diffi-
culty as the ”renormalizable” Lagrangian such as eq. (1), if the tensor and
derivative couplings are suppressed by the factor of order 1/Λ2 ∼ 1/Λ′2. On
the other hand, if those couplings are order of 1 or larger, they generate the
Feynman diagrams of order Λ∞ and it is impossible to construct the effec-
tive Lagrangian at lower energy scale within finite terms, even if the errors
of some finite order of 1/Λ′2 are allowed. This situation corresponds to the
”renormalizability” in the limit of Λ′ →∞.
In this paper, we restrict our discussions to the zero baryon density. It is
very interesting to generalize this result to the case at finite baryon density
and to calculate the energy density by including the effects of the vertex
corrections. They are now under the studies.
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Figure Captions
Fig. 1 Diagrammatic expansion of the NNσ or NNω vertexes. The solid
line represents the nucleon and the dotted line represents the meson.
Fig. 2 The Q-dependence of the vertex corrections in the cases of Λ = 1GeV
(dashed line) and 2GeV (dotted line). The result obtained by the ordinary
renormalization procedures ( in the case of Λ =∞ ) is also shown (solid line)
for comparison. (a) Scalar vertex. (b) Vector vertex. (c) Tensor vertex.
Fig. 3 The Λ-dependence of the vertex corrections in the case of QM =
0.5GeV (dotted line). The result obtained by the ordinary renormalization
procedures ( in the case of Λ = ∞ )which is not the function of Λ is also
shown by the solid line for comparison. (a) Scalar vertex. (b) Vector vertex.
(c) Tensor vertex.
Fig. 4 The Λ′-dependence of the coefficients of the expansion of eqs. (50)∼(52).
(a) Scalar vertex. The solid line and the dotted line are κs,0 and κs,1, respec-
tively. (b) Vector vertex. The solid line and the dotted line are κv,0 and κv,1,
respectively. (c) Tensor vertex. The solid line and the dotted line are κt,0
andκt,1, respectively.
Fig. 5 The Q′-dependence of the vertex corrections in the case of Λ =2GeV.
(a) Scalar vertex. (b) Vector vertex. (c) Tensor vertex. The solid line is the
true result at Λ′ = Λ = 2GeV. The dotted line is the result at Λ′ = 1GeV
without the tensor and derivative coupling terms. The dashed line is the
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result at Λ′ = 1GeV with the new interaction term which is proportional
to κs,1 (κv,1, κt,0) in Fig. 5(a) (Fig. 5(b), Fig. 5(c)). In Fig. 5(c), the
result with the higher order term with the coefficient κt,1 is also shown for
comparison (dashed-dotted line).
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